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GONALITY AND CLIFFORD INDEX OF CURVES ON K3 SURFACES
ANDREAS LEOPOLD KNUTSEN
Abstrat. We show that every possible value for the Cliord index and gonality of a
urve of a given genus on a K3 surfae ours.
1. Introdution
Curves on K3 surfaes have been objets of intense study throughout the years. In
partiular, in onnetion with the famous onjeture of Green [Gr℄, Green and Lazarsfeld
proved in [G-L℄ that the Cliord index is the same for all smooth urves in a omplete
linear system on a K3 surfae. The original onjeture by Harris and Mumford was that
the gonality should be the same for all smooth urves in a linear system, but this was proved
to be false by a ounterexample of Donagi and Morrison [D-M℄. If the line bundle is ample,
then this is indeed the only ounterexample, by a result of Ciliberto and Pareshi [C-P℄.
In [E-L-M-S℄ urves on K3 surfaes are used to onstrut exeptional urves of any
Cliord dimension. In our reent paper [Kn1℄ we relate the Cliord index and gonality of
urves to the higher order embeddings of the surfae.
The aim of this note is to show that for g ≥ 3, genus g urves of any possible Cliord
index and gonality an be found on some K3 surfae. More preisely, we will show the
following statements:
Theorem 1.1. (a) Let g and c be integers suh that g ≥ 4 and 0 ≤ c ≤ ⌊g−1
2
⌋. Then there
exists a K3 surfae ontaining a smooth urve of genus g and Cliord index c.
(b) Let g and k be integers suh that g ≥ 3 and 2 ≤ k ≤ ⌊g+3
2
⌋. Then there exists a K3
surfae ontaining a smooth urve of genus g and gonality k.
Reall that a smooth urve C of genus g ≥ 2 is said to have gonality k if C posesses a g1k
but no g1k−1.
If A is a line bundle on C, then the Cliord index of A is the integer
Cliff A = degA− 2(h0(A)− 1).
When g ≥ 4, the Cliord index of C itself is dened as
Cliff C = min{Cliff A | h0(A) ≥ 2, h1(A) ≥ 2}.
Note that we always have Cliff C ≤ gonC − 2. Furthermore, we get from Brill-Noether
theory that the gonality of C satises gonC ≤ ⌊g+3
2
⌋, whene Cliff C ≤ ⌊g−1
2
⌋. For the
general urve of genus g, we have gonC = ⌊g+3
2
⌋ and Cliff C = ⌊g−1
2
⌋.
We say that a line bundle A on C ontributes to the Cliord index of C if h0(A) ≥ 2 and
h1(A) ≥ 2 and that it omputes the Cliord index of C if in addition Cliff C = Cliff A.
It is lassially known that for a xed genus, urves of any possible gonality our. By
Ballio's result [Ba℄, the same is true for the Cliord index. Our result then gives a new
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proof of these fats, with the additional information that one an always onstrut suh
urves on K3 surfaes.
The entral tool in this paper is the already mentioned famous result of Green and
Lazarsfeld [G-L℄, whih states that if L is a base point free line bundle on a K3 surfae
S, then Cliff C is onstant for all smooth irreduible C ∈ |L|, and if Cliff C < ⌊g−1
2
⌋, then
there exists a line bundle M on S suh that MC := M ⊗OC omputes the Cliord index
of C for all smooth irreduible C ∈ |L|. (Note that sine (L−M)⊗OC ≃ ωC ⊗MC
−1
, the
result is symmetri in M and L−M .)
Other tools are lassial results on linear systems on K3 surfaes [SD℄ and lattie theory
of K3 surfaes [Mo℄.
For other results on the Cliord index and gonality of smooth urves on K3 surfaes we
refer to [C-P℄, [E-L-M-S℄ and [Kn1℄.
A urve is always redued and irreduible.
The author would like to thank Gavril Farkas for interesting onversations.
Remark 1.2. We adopt the same onvention as in [G-L℄, and set Cliff C = 0 for C of genus
2 or hyperellipti of genus 3, and Cliff C = 1 for C non-hyperellipti of genus 3. The result
of Green and Lazarsfeld is then still valid.
2. Proof of the main theorem
The theorem is an immediate onsequene of the following:
Proposition 2.1. Let d and g be integers suh that g ≥ 3 and 2 ≤ d ≤ ⌊g+3
2
⌋, and let S be
a K3 surfae with PicS = ZL⊕ ZE, where L2 = 2(g − 1), E.L = d and E2 = 0. Then L
is base point free and for any smooth urve C ∈ |L| we have
Cliff C = d− 2 ≤ ⌊
g − 1
2
⌋
and Cliff C is omputed by the penil OC(E).
To prove this proposition, we rst need the following basi existene result:
Lemma 2.2. Let g ≥ 3 and d ≥ 2 be integers. Then there exists a K3 surfae S with
PicS = ZL ⊕ ZE, suh that L is base point free and E is a smooth urve, L2 = 2(g − 1),
E.L = d and E2 = 0.
Proof. By [Kn2, Prop. 4.2℄, we an nd a K3 surfae S with PicS = ZL ⊕ ZE, with
intersetion matrix [
L2 L.E
E.L E2
]
=
[
2(g − 1) d
d 0
]
and suh that L is nef. This is a onsequene of the lattie theory in [Mo℄, whih again
follows from the surjetivity of the period map. If L is not base point free, there exists by
standard results on linear systems on K3 surfaes (see e.g. [SD, 2.7℄ or [Kn1, Thm. 1.1℄) a
urve B suh that B2 = 0 and B.L = 1. An easy alulation, writing B ∼ xL+ yE for two
integers x and y, shows that this is impossible. By [Kn2, Proposition 4.4℄, we have that |E|
ontains a smooth urve.
Proof of Proposition 2.1. Let S, L and E be as in Lemma 2.2, with d ≤ ⌊g+3
2
⌋. Note that
sine E is irreduible, we have h1(E) = 0. Furthermore, Riemann-Roh gives χ(L− E) =
1
2
(L − E)2 + 2 = g + 1 − d ≥ g−1
2
≥ 1, whene by Serre duality either h0(L − E) ≥ 1 or
h0(E − L) ≥ 1 (but not both simultaneously). Sine (E − L).L = d− 2g + 2 < 0, we have
h0(L− E) ≥ 1. If g ≥ 4, we even have h0(L− E) ≥ 2.
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By the ohomology of the short exat sequene
0 −→ OS(E − L) −→ OS(E) −→ OC(E) −→ 0,
where C is any smooth urve in |L|, we nd that h0(OC(E)) ≥ h
0(E) = 2 and h1(OC(E)) =
h0(L− E), so OC(E) ontributes to the Cliord index of C (if g ≥ 4) and
c := Cliff C ≤ Cliff OC(E) ≤ E.L− E
2 − 2 = d− 2 < ⌊
g − 1
2
⌋.
If c = ⌊g−1
2
⌋, there is nothing more to prove.
If c < ⌊g−1
2
⌋, then by [Ma, (2.3)℄ and [Kn1, Lemma 8.3℄ there exists an eetive divisor
D on S satisfying
h0(OC(D)) = h
0(D) ≥ 2, h1(OC(D)) = h
0(L−D) ≥ 2,(1)
h1(D) = h1(L−D) = 0 and(2)
c = Cliff OC(D) = Cliff OC(L−D) = D.L−D
2 − 2(3)
(this is a onsequene of the result of Green and Lazarsfeld [G-L℄ mentioned above).
Sine both D > 0 and L−D > 0 and E is nef, we must have
D.E ≥ 0 and (L−D).E ≥ 0.
Writing D ∼ xL+ yE this is equivalent to
dx ≥ 0 and d(1− x) ≥ 0,
whih gives x = 0 or 1. These two ases give, respetively, D = yE and L−D = yE. Sine
h1(yE) = y − 1 by [SD, Prop. 2.6℄, it follows by (2) that y = 1 and D ∼ E or L−D ∼ E.
Hene c = Cliff OC(E) = E.L− E
2 − 2 = d− 2 by (3). By Riemann-Roh and (1) we also
have h0(OC(E)) = h
0(E) = 1
2
E2 + 2 = 2, so OC(E) is a penil.
This onludes the proof of Theorem 1.1.
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